CONVERGENCE OF EQUILIBRIA 
FOR INCOMPRESSIBLE ELASTIC PLATES 
IN THE VON KARMAN REGIME 
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Abstract. We prove convergence of critical points u h of the nonlinear elastic energies E h of thin incom- 
pressible plates fl h = f! X (—h/2, h/2), which satisfy the von Karman scaling: E h (u h ) < Ch 4 , to critical 
points of the appropriate limiting (incompressible von Karman) functional. 



1. Introduction and the main result 

In this paper we prove convergence of critical points of the nonlinear elastic energies on thin incompress- 
ible plates in the von Karman scaling regime, to critical points of the appropriate limiting (incompressible 
von Karman) functional. 

1.1. Elastic energy of thin incompressible plates. Let fl C K 2 be an open, bounded, simply connected 
domain. For h > 0, define £l h to be the 3d plate with the midplate fl and thickness h: 

fl h = \x = {x',x 3 ); x' G Cl, x 3 G 



2' 2 

The elastic energy of a deformation u h G W 12 (£l h , M 3 ) of the homogeneous plate fl h , scaled by its unit 
thickness, is given by: 

(1.1) I h {u h ) = \f W in {Vu h ) dx, 

n> Jn h 

while the total energy, relative to the external force with the density f h G L 2 (fl h ,~R 3 ), is: 

(1.2) J h (u h ) = \ f W m (\7u h ) dx - ~ / f h ■ u h dx. 

11 Jn h 11 Jn h 

The clastic energy density Wi n : IR 3x3 -> [0, oo] in Ijl.ljl is assumed to be infinite at compressible deforma- 
tions: 



(F)= f W(F) if dctF = l, 
m{ - ' \ +oo otherwise. 



The effective density W : M 3x3 — > [0,oo) above, which acts when detF = 1, is required to satisfy the 
following conditions: 

(i) (frame invariance) W(RF) = W(F), for each proper rotation R G SO{2>), and each F G M 3x3 . 

(ii) (normalisation) W(F) = for all F G 5*0(3). 

(iii) (non-interpenetration) W(F) = +oo if dctF < 0, and W(F) — > +oo as dct_F — > 0+. 

(iv) (bound from below) W(F) > c dist 2 (F, SO (3)) with a constant c > independent of F. 

(v) (bound from above) There exists a constant C > such that for each F with detF > 0, i.e. for 
each F G M+ x3 there holds: 

(1.3) \DW(F)F T \ < C(W(F) + 1). 

(vi) (regularity) W is of class C 1 on M 3x3 . 

(vii) (local regularity) W is of class C 2 in a small neighborhood of 50(3). 
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The growth conditions in (iv) and (v) will be crucial in the present analysis. Condition (iv) has been 
introduced in the context of [6] and it allows to use the nonlinear version of Korn's inequality [5] , ultimately 
serving to control the local deviations of the deformation u h from rigid motions, by the elastic energy I h (u h ). 
Condition (v) has been introduced in [1] (see also [2]) in the context of inner variations, in order to control 
the related strain in terms of the energy. Both conditions are compatible with other requirements above. 
Indeed, examples of W satisfying (i) - (vii) are: 



Wx{F) = \{F T F) 1 / 2 - Id| 2 + | logdet F| 



W 2 (F) = \(F T F) 1/2 - Idl 2 
where q > 1 and W equals +oo if det F < [TTj . 

1.2. Notation. Given a matrix F G R nx ™, we denote its trace by Tr F and its transpose by F T . The 
symmetric part of F is given by sym F = h(F + F T ). The cofactor of F is the matrix: cof F, where 
[cof F]ij = (— dctFy and each F^ G rC™- 1 )*^ -1 ) is obtained from F by deleting its ith row and jth 
column. The identity matrix is denoted by Id„. 

In what follows, we shall use the matrix norm \F\ = {Tr(F T F)) 1 / 2 , which is induced by the inner 
product: F\ : F% = Tr(F^ F 2 ). To avoid notational confusion, we will often write (Fi : F 2 ) instead of 
F\ : F 2 . In general, 3x3 matrices will be denoted by F and 2x2 matrices will be denoted by F". Unless 
noted otherwise, F" is the principal 2x2 minor of F. 

Finally, by C\ (R",R S ) we denote the space of continuous functions whose derivatives up to the order k 
are continuous and bounded in K n . 

1.3. The limiting energy. The following 2d energy functional has been rigorously derived in [TU] as the 
T-limit of the scaled incompressible energies h~ 4 I h in (|1.1[) . when h — > 0: 

(1.4) X(w, v ) = \f QT (symVu + ^Vv ®Vv^J dx + ^ j Q™ (V 2 tj) dx, 

acting on couples w € W 1,2 (fl, R 2 ), v S W 2 ' 2 (fl,W). The fields (w,v) may be identified as the in-plane and 
the out-of-plane displacements, respectively. Roughly speaking, any minimizing sequence of h~ A J h , where 
f h (x) « h 3 f(x')e3 and J n f = 0, will have the structure: 

uf Q w (R) T (id + hve a + h 2 w) - c h 

asymptotically as h — > 0, with (w, v) as above and R G SO(3) maximizing f{x')e a ■ Rx' dx' among all 
rotations R, while c h G IR 3 are constant translation vectors. Moreover, (w, v, R) minimize the following 
total limiting energy: 

J(w,v,R) =l(w,v) - R 33 / fv. 



1 -1 



detF 



for det F > 0, 



fi 

A precise formulation of the statements above can be found in [5]. 

The energy in (|1.4p is the incompressible version of the von Karman functional, which has been derived 
(for compressible case, i.e. without the assumption that det Vu h = 1) by means of T-convergence in [6]. 
The quadratic forms Q l 2 n differ from the standard Q 2 in [5] in as much as minimization in (|1.5[) below is 
taken over the out-of-plane stretches which preserve the incompressibility constraint. Namely, Q 2 n in (|1.4I) 
are given as: 

VF" G R 2x2 Q 2 n (F") = min \q 3 (F" + d ® e 3 + e 3 ® d); Tr(F" + d ® e 3 + e 3 ® d) = o\, 
(1.5) deR 3 I j 

\/FeR 3x3 Q 3 (F) = D 2 W(ld)(F,F). 

Both forms Q above are positive semidefinitc, and strictly positive definite on symmetric matrices. We also 
introduce the linear operators C 2 n : R 2x2 -> R 2x2 and C 3 : M 3x3 -> M 3x3 such that: 

?" r- TIj2x2 / pin ( t?ii\ . 77i// \ r\in/jpll\ 



( L6 ) 



VF" G E {C 2 n {F") : F") = Q 2 n {F ), 
VF G R 3x3 (£ 3 (F) : F) = Q 3 (F). 
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Note that symmetric operators C are uniquely given by: (C(F±) : F2) = \ (Q(Fi + F 2 ) — Q{F\ — F 2 )). 

1.4. Critical points and the incompressible inner variations. Following [2], we now define the critical 
points u h of the functionals J h in p. 21) with respect to inner variations, that is requesting that the derivative 
of J h at an incompressible equilibrium u h be zero: 

A J»(u*)=0, 
de | e =o 

along all curves e n- of incompressible deformations of il h having the form: u^(x) = <I>(e,it (x)), with 
Uq = u h at e = 0. This requirement is translated into the following condition: 

(1.7) [ (DW{Vu h )(Vu h ) T : V(j>{u h {x))) dx = [ f h ■ (j){u h ) dx, V</> G Cj(R 3 ,R 3 ) with div = 0. 

Jn h 

We refer to section[2]for the derivation and discussion of (|1.7[) . Let us only note now that the incompressible 
inner variations: 

u h t {x) = $(e,u h (x)) = u h (x) + e</>(u h (x)) + 0{e 2 ). 

replace the classical variations u^(x) = u h {x) + ew h (x) used in definition of minimizers of J , and also they 
replace the inner variations u^(x) = u (x) + e<fi(u h (x)) considered in [2] and |llj in the compressible case. 

1.5. The main result. The following is our main result: 

Theorem 1.1. For each h « 1, let u h G W x,2 {Q, h , M 3 ) be a critical point of J h , i.e. it satisfies Jj.7| ) 
subject to the external forces f h (x) = h 3 f(x')e 3 . Assume that: 

(1.8) I h {u h ) < Ch 4 , 

for a constant C > independent of h. Then there exists a sequence of proper rotations R h G 5*0(3), and 
translations c h G R 3 , such that for the renormalized deformations: 

(1.9) V h (x',x 3 ) = (R h ) T u h {x',hx 3 )-c h G W 1 ' 2 ^ 1 ,^), 
the following convergences hold, up to a subsequence in h, as h — > 0: 

(i) R h ^R= [R ij }i, j :i.. 3 G50(3). 

(ii) y h -> x' m W 1,2 ^ 1 ). 

(iii) For the scaled out-of-plane displacements: 



(1.10) v h (x') = - y£(x',x 3 ) dx 3 , 



h 



1/2 



1/2 



i/iere ezisis w G W 2 ' 2 (S},R) smc/i i/iai w h — > v strongly in W 1,2 (fl). 
(iv) For the scaled in-plane displacements: 



(1.11) ™V) = ^ / .'..((WW.**)-*') dx 3 



1/2 



-1/2 

i/iere exists w G W 1,2 {VL,R 2 ) such that w h — 1 w weakly in W 1,2 (fi, M 2 ). 
(v) 27ie limiting displacements (w,v) solve the following Euler- Lagrange equations of the functional 
jl-4\ lj expressed in the variational form: 



(1.12) J (cf fsymVu; + ^Vv ® VuJ : VtZ>\ dx' = 

J (jO? ^symVu) + ® Vv^ : (Vi> (g> Vu)^ dx' 



(1.13) 



12 

/or ewer?/ ui G W 1,2 (f2, R 2 ) and every v G W 2 ' 2 {Vt, 



\- f (C 2 n (V 2 v) : V 2 v) dx' = R 33 f fv dx' , 
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We note that (|1.8|) are automatically satisfied by any minimizing sequence of u h of the total energy J , 
under the assumption that f (x) = h 3 f(x')e3 [6]. Also, ()1.7[) holds for every minimum of J h (see Theorem 
12.31) . and the assertions (i) - (v) are then a direct consequence [TU] of the fact that ^ J h T-converges to J . 
In general, T-convergence does not assure that a limit of a sequence of equlibria is an equilibrium of the 
T- limit. In the present situation, this turns out to be the case. 



1.6. Relation to other works. Our work is largely inspired by [TJJ and [TU]. To put it in a larger 
perspective, recall that one of the fundamental questions in the mathematical theory of elasticity has 
been to rigorously justify various 2d plate models present in the engineering literature, in relation to the 
three-dimensional theory. This goal has been largely accomplished in jfjj, where a hierarchy of limiting 
2d energies has been derived; the distinct theories arc differentiated by their validity in the corresponding 
scaling regimes hP , f3 > 2, i.e. in presence of assumption (|1.8|) where h A is replaced by . 

Under the additional incompressibility constraint, the works [21 0] proved compactness properties and 
the T-convergence of the functionals -rpl h as in for the so-called Kirchhoff scaling f3 = 2, while QJj] 

treated the case /3 = 4 including as well a more complex case of shells when the midsurface ft is a generic 
2d hypersurface in R 3 . In view of the fundamental property of T- convergence, it follows that the global 
almost-minimizers of the energies ()1.2[) converge to the minimizers of the limiting energy (given by (|1.4[) in 
the von Karman regime). 

Regarding convergence of stationary points for thin plates, the first result has been obtained in |12j under 
the von Karman scaling f3 = 4 (see also [7] for an extension to thin shells). These results relied on the 
crucial assumption that the elastic energy density W is differentiable everywhere and its derivative satisfies 
a linear growth condition: |DVF(F)| < C(\F\ + 1). This assumption is contradictory with the physically 
expected non-interpenctration condition, and subsequently it has been removed in [TTJ and exchanged with 
Ball's condition (|1.3[) . while the equilibrium equations have been rephrased in terms of the inner variations. 
In the present paper we follow the same approach; indeed the concept of inner variations comes up naturally 
in the context of incompressible elasticity. 

To conclude, we now comment on the isotropic case. For an isotropic energy density W with the Lame 
constants A and /i, the Euler-Lagrange equations (|1.12j) - (|1.13|) of (|1.4j) are: 

(1.14) ^A 2 v = [«,*], A 2 $ = -^, w ], 

where v is the out-of-plane displacement, while the in-plane displacement w can be recovered through the 
Airy stress potential $, by means of: 

cofV 2 $ = 2yu symVw + ^Vv ® Vu + (divw + i|Vv| 2 )ld 

The Airy's bracket [•, •] is defined as: [v,$>] = V 2 v : (cofV 2< I > ). As expected, the system (| 1 . 14[) can be 
now obtained as the incompressible limit, i.e. when passing with the Poisson ratio v — > i, of the classical 
(compressible) von Karman system: 

Q 

BA 2 v = [v, <&], A 2 $ = --[v,v], 

where S — 2//(l + v) is Young's modulus, v — 2 (p+\) i s the Poisson ratio, and B = wj—g] is bending 
stiffness. By the change of variable $ = 2/i$i one can eliminate the parameter /z entirely and write (|1.14l) 
in its equivalent form: 

A 2 v = 6[v,$i], A 2 $! = [«,«]. 



Acknowledgments. M.L. was partially supported by the NSF Career grant DMS-0846996 and by the 
Polish MN grant N N201 547438. 
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2. Incompressible inner variations and critical points 

Following [2], we want to define the critical points u h of the functionals J h in (|1.2|) by taking inner 
variations. That is, we request that the derivative of J h at an incompressible equilibrium u h be zero along 
all curves e H> of incompressible deformations of Vl h having the form: u^(x) = $(e, u h (x)), with Mq = u 
at e = 0. This requirement imposes the following conditions on the flow $ : [0, eo) xl 3 -) R 3 : 

Ve $(e, •) is incompressible, i.e Vy e M 3 det V$(e,y) = 1, 

VyeK 3 $(0,y)=y. 

Assuming sufficient smoothness of $, the above immediately implies: 

= A det V$(0, y) = ^cofV$(0, y) : ^V$(0, y)\ = ^Id : A V $(0, y) 

- Tr ^V*(0,y)) = div (^A$(0,y)) =: div 0(y). 

On the other hand, any divergence-free vector field <fi generates a path of incompressible deformations. We 
recall this standard fact below, for the sake of completeness. 

Lemma 2.1. Let <fi G C b 1 (K n ,M n ) such that div = 0. Consider the ODE: 



(2.2) 



u'(e) = 0«e)), 
u(0) = y. 

and denote its flow by $(e,y) = u(e) solving &2.2\) . Then $ satisfies &2.1\) . 

Proof. Let e, <5 > and note that: $(e + 5, y) = $(<5, $(e, y)) = $(<5, yi) where we put yi = $(e, y). Hence, 
denoting the spacial gradient by V, we obtain: 

det V$(e + 5, y) = det V$(5, yi) det V$(e, y), 

Consequently: 

A (det V$(e + <5, y)) = A (dot V$(e + <5, y)) = A (det V$(<5, yi )) (det V$(e, y)) 
(2.3) d£ dS d5 



cofV$(5,yi) : ^V$(5,yi)^)detV$(e,y). 

Above, we used the formula for the derivative of the determinant of a matrix function A(t), namely: 
(det A(t))' = coL4(i) : A(t)' . For 5 = 0, CO) implies: 

(detV$(e,y)) = (cofW(0, Vl ) : V0(j/i)) = (Id : V0(yi)) = TrV0 = div = 0. 

de 

But det V<&(0, y) = detld„ = 1, which achieves the claim. ■ 

We are now ready to derive the equilibrium equations (|1.7[) . The result is essentially similar to Theorem 
2.4 [2], which dealt with the compressible inner variations = u h (x) + e0 o u h of a deformation u h with 
clamped boundary conditions. The growth condition (|1.3j) will be crucial in passing to the limit in the 
nonlinear term in J , to which end we are going to use the following Lemma from [2]: 

Lemma 2.2. (Lemma 2.5 (i) Assume that W satisfies il.3\) . Then there exists 7 > such that if 
A e M 3 * 3 and \ A - Id| < 7, then: 

\DW(AF)F T \ < 3C(W(F) + 1) VF e R 3x3 , 

where C is the constant in condition Hl.SH). 



Theorem 2.3. Let e C^(K 3 ,M 3 ) be such that div = 0. Given a deformation u h e W 1 ' 2 (tt h ,M 3 ) with 
det\7u h = 1, and such that f Qh W(Vu h ) dx < +00, define u^(x) = $(e, u h (x)). Then: 
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is equivalent to: 



(DW{Vu h ){Vu h ) T : V(/>(u h (x))) dx = f h ■ <f){u h ) Ax. 



Proof. For the notational convenience, in what follows we drop the index h and write U instead of £l h , 
which stands now for a fixed open bounded domain in M 3 . It is easy to notice that: 

(2.4) lim -($(e, y) - y) — My) uniformly in M 3 . 

e-s-0 e 

It directly implies that: 

lim - J f ■ ($(e,u(x)) - u(x)) dx = \ f ■ (j)(u(x)) dx. 
'u Ju 



(W(Vu e ) - W{Vu)) dx - / (DW(Vu)(Vu) T : V<f>(u)) dx 



e->0 e 

To treat the nonlinear term, consider: 
1 

(2-5) €JU 

= J J (£>VK(V$(s,u)Vit)(Vu) T : V«f>($(s, u))) - (dW{Vu){Vu) t : V(f>(ufj ds dx. 

Since the integrand below converges to pointwise by (|2.4j) . and it is bounded by the function 2|| V0||l~ \DW(Vu)(\7u) T \ 
which is intcgrablc in view of (|1.3[) . we obtain: 

lim J (dW{Vu){Vu) t : £ V^($(s, it)) - V<j){u) ds^ dx = 0, 

by the dominated convergence theorem. Similarly: 



e-s-0 



U JO 



lim / f W(V$(s,u)Vu)-W(Vu) (Vu) J : V</>($(s, u)) ) ds dx = 0, 



where the pointwise convergence follows by the formula (|2.4p . its counterpart for V$, and the continuity of 
DW on The integrands, for small e, are dominated by the ^(U) function AC\\ V0|| L =° (W(Vu) + 1) 

in view of Lemma 12.21 and the growth condition (|1.3j) . 

Therefore, the left hand side in (|2.5[) converges to as well. This completes the proof. ■ 



3. The equilibrium equation (jl.7|) 

In this section, we review several facts from [6] and [TT] , to set the stage for a proof of Theorem 11.11 and 
to rewrite the equation (|1.7[) using the change of variables (|1.9[) . 

The first crucial step in the dimension reduction argument of \§\ is finding the appropriate approximations 
of the deformations gradients u h . Under the sole assumption: 

(3.1) \ f W{Vu h ) dx < Ch 4 , 

n> Jn h 

an application of a nonlinear verion of Korn's inequality [5], yields existence of rotation fields R h e 
W^ 2 {fl,R 3x3 ) with R h (x) e 50(3) a.e. in O, so that: 

(3.2) ||V^(^', ^ 3 ) ~ ^Ik^^i) < C/i 2 and \\VR h \\ L 2 {n) < Ch. 

Recall that = £!x( — \, ^) is the common domain of the rescaled deformations y h (x' , x%) = (R h ) T u h (x', hx^) 
c h , and the typical point in fi 1 is denoted by x = (x 1 ,xs). Then, the detailed analysis in [5] shows that 
convergences in (i) - (iv) of Theorem 11.11 hold, as a consequence of (|1.8[) implying (|3.1|) . The constant 
rotations R h G 5*0(3) are given by: 

R H = PsO(3) ( 
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where the orthogonal projection Pso(3) on to 5*0(3) above is well defined; see also [8] for detailed calcula- 
tions. Further, there holds: 

(3.3) \\R h -R h \\ L 2 {n) <Ch and lim (R h ) T R h = Id in VK 1 ' 2 ^, M 3x3 ), 
and upon defining the matrix fields A h G W^< 2 (fi, R 3x3 ): 

(3.4) A'\x') = I 
it also follows that: 



A h (x') = - ({R h fR h (x') - Id) 



(3.5) 



A h A 






-V-y 












weakly in W 1 ' 2 ^, R 3x3 ) 



The same convergence holds strongly in L 9 (f2,R 3x3 ) for each q > 1. 
Lemma 3.1. We Ziaue; 



(3.6) 



limy' 1 = (x',0) and lim ^- = x 3 + v(x') in W 1 ' 2 ^ 1 ). 
h— >0 ft->o a 



Consequently, for every ujh > and p G [1,5]: 
(3.7) 



c 

< jt ana 



p d, < ^ 



,p+l 



xGfi 1 ; — >ui h ^ 

Proof. By (|3.2[) . (|3.3[) . and applying the Poincare-Wirtinger inequality on segments {a;'} x {—\,\), we see 
that: 



h 



< C 



L 2 (n!) 



1 



L 2 (f2 1 ) 



= c* 



[(R h ) T Vu h (x',hx 3 )} 33 -l 



<C||(i?' l ) T V w ' l (x',/ ia;3 )-Id|| L 2 (01) 

< C||WV> hx 3 ) - R h \\m^) + C\\R h - R h \\ L »(a^ < Ch. 

Together with (jl.lOp , the above inequality implies the second assertion in (|3.6p . The first assertion follows 
then directly in view of (jl.lll) . 

To prove (|3.7p . note that for every p £ [1,5]: 



(3.8) 





p 

dx < 




p 




h 




h 


LP+ 1 





-ol Is/3 (s) I ^ 

1 € S 2 ; — ; > Wfi 



< c* 



by the Holder inequality and the Sobolev embedding W 1 ' 2 ^ 1 ) ^ L 6 (S1 1 ) combined with (|3.6[) . When 
p = 1, it implies: 

,./i/„m n ( \..hi-\\ ^ 1 / 2 



h 



< 



1 



\jm dx< £_ 



uj h J[ xen . \Api> Uh } h uj h 
Hence, the first assertion in (|3.7[) follows, as well as the second one, in view of 

Define the strain G h G J L 2 (0 1 ,M 3x3 ) and the scaled stress E h G i 1 (fi 1 ,R 3x3 ) as: 
G h (x', x 3 ) = ^ {{R h ) T Vu h {x', hx 3 ) - Id) , 

E h {x',x 3 ) = ^DW(ld + h 2 G h {x',x 3 ))(ld + h 2 G h (x',x 3 )) T . 



xeQ] MM > Uh 
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We now gather the fundamental properties of E h and G h from [TT|, that will be used in the sequel. 

Lemma 3.2. (Section 4, [TI] ) 

(i) Up to a subsequence, G h — 1 G weakly in L 2 (i7 1 , R 3x3 ), where G is the limiting strain whose principal 
2x2 minor G" satisfies: 

G"(x',x 3 ) = G (x') - x 3 G x {x'), with: 

(3-9) 1 

sym Go = syrnVw + x Vu ® G?i = V u. 

(ii) Each E h {x) is symmetric, and there holds: 

(3.10) \E h \ < C f i W(Id + h 2 G h ) + \G h \^j . 

(hi) Up to a subsequence, E h E weakly in L 1 (0 1 ,M 3x3 ), and E = C 3 (G) G L 2 (0 1 ,M 3x3 ). 
(iv) For a given, fixed 7 G (0,2), de/me 4 = {i£ fi 1 ; /i 2 ^|G' 1 (.t)| < 1}. TTiera; 

(3.11) (fi 1 \B h \ < Ch 2{2 -^ and [ \E h \ dx < Ch 2 ^ . 

Moreover, calling \h the characteristic function of B^, we have: 

(3.12) X hE h ->> E weakly in L 2 (n 1 ,M 3x3 ). 

The below more convenient form of the equilibrium condition will be repeatedly used in the proof of 
Theorem 11.11 

Lemma 3.3. Condition {1. 7| ) is equivalent to: 

((R h ) T R h E h (x',x 3 )(R h ) T R h : V<j>(y h (x',x 3 ))) dx 3 dx' 

{f{x')e 3 ,R h 4>{y h {x',x 3 ))) dx 3 dx', 

for each <f> G C^(R 3 ,M 3 ) with divcf) = 0. 

Proof. For a given divergence free </> € C^(IR 3 ,R 3 ), consider: 

V( 2 /) = J RV(( J R' l ) T y-c' 1 ), 

which satisfies 1/) G and divip = 0, and moreover: 

W te 3 )) = R h V<f> (y h {x', x 3 )) (R h f . 

Use now (|1.7[) with the divergence-free test function ^: 

" 1/2 / T - \ 

[DW (Vu h (x' : hx 3 )) (Vu h {x / , hx 3 )) : R h S/ 4>{y h {x' , x 3 ))(R h f) dx 3 dx' 



(3.13) 



in J -1/2 ^ 

r r 1/2 

= h 3 f(x')e 3 ■ R h cj>(y h (x',x 3 )) dx 3 dx' . 

Jn J -1/2 

The formula (|3.13j) now follows directly, in view of: 

DW{Vu h (x', hx 3 ))(Wu h (x', hx 3 ) f = R h DW{ld + h 2 G h (x))(Id + h 2 G h {x)) T (R h f 

= h 2 R h E h (x' 1 x 3 )(R h f. 
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4. Identification of the operators in (|1.12|) - (|1.13p 
Lemma 4.1. Let G £ M 3x3 and a symmetric matrix E £ R 3x3 satisfy: 

C 3 (G)=E, Tr G = and E l3 = E 23 = 0. 

TTien; 

(4.1) 4"(G") = £"-£3 3 Id 2 . 

Proof. Since £ and Q depend only on the symmetric parts of their arguments, we may without loss of 
generality assume that G is symmetric. 

Firstly, by definitions in (|1.5[) , (|1.6[) , it follows that for every F" £ R 2x2 there is a unique tangential 
minimizcr d = d(F") £ R 2 , in the sense that: 



(4.2) Q 2 n (F") = Q 3 ( 



F" 
d 



d 

-Tr F" 



) and ^£ 3 ( 



F" 
d 



d 

-Tr F" 



c 
c 



= Vc £ 



The second identity above is just the Euler-Lagrange equation for the minimization in (jl.5p . By convexity 
of this minimization problem, it also follows that d is linear: 

(4.3) d(F" + G") = d(F") + d{G") 

Observe now that: 



Q 2 (G" 



G" d(G" 
d{G") G 33 



A( 



E + £ 3 ( 
= (E" : G") - 



G" d{G") 
d{G") G 33 

d{G") - G 13 . 23 " 

d(G") - G 13i23 

£-33G 33 



G" d(G") 
. d(G") G 33 

G" d{G") ' 
d(G") G 33 



G" d(G?") 
G 33 





rf(G") - G 13 



2:S 



d(G") - G 13i23 




(F" : G") + E 33 G 33 = {E:G) = Q 3 (G), 



where we repeatedly used the assumptions on G and E, and (|4.2|) . Consequently, by uniqueness of the 
minimizcr d, it follows that: 

(4.4) d{G") - G 13 , 23 . 

Take any F" £ ]R 2x2 . By (O and (JOJ), we see that: 

G" + F" d(G" 



Q 2 (G" + F") = Q 3 



d(F") 

d(G") + d(F") G 33 - Tr F" 



Expanding the above and removing Q 2 (G") and Q 2 (F") from both sides, we obtain: 



(£ 2 (G") : F") = (£ 3 ( 



d(F") 
-Tr F" 



G" d(G") 1 [ F" d(F") 
d{G") -Tr G" J j : [ d(F") -Tr F" 

G" d{G") ]. [ F" 
d(G") -Tr G" J j ' [ -Tr F" 

F" d(F") l\_/p I" F" 
d(F") -Tr F" \ / \ [ d(F' 

= (F"-F 33 Id 2 :F"), 

by (|4.4p and assumptions on F and G. The expression (|4.1[) follows now directly. ■ 

In section [5] below we shall prove that for almost every x £ fi 1 there holds: 
(4.5) Tr G{x) = and E 13 (x) = E 23 (x) = 0. 

Therefore, recalling Lemma 13.21 (in), we observe that the limiting stress and strain satisfy the assumptions 
of Lemma 14.11 pointwisc almost everywhere. We now record the following simple conclusion which will be 
used in deriving the Euler-Lagrange equations ([TT2]) . fTT3]) . 
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Lemma 4.2. Let £,Ge L 2 (f2 1 ,R 3x3 ) be the limiting strain and stress as in Lemma \3.S\. which are related 
to (w, u) by i 3.9\) . Then, for almost every x' G Q, there holds: 

j ' (E" - E 33 ld 2 ) dx 3 = Cf j^syinVw + i Vv ® , 



f x 3 (E" - E 33 ld 2 ) dx 3 = -±-£? {V 2 v) 

J-l/2 iZ 



'-1/2 

Proof. By Lemma EUJ Lemma l5~3"l Lemma [4~TI and (|3.9j) we see that: 

/•1/2 fl/2 

/ (£" - dx 3 = / 4™(G") dx 3 

J-l/2 J-l/2 

= 4" f / 1/2 G"(x',xg) dx 3 ) = 4"(G (*')) = 4"(sym Go(x')) 



'-1/2 

x 3 (£" - £ 33 Id 2 ) dx 3 = x 3 C™{G") dx 3 

J -1/2 J-1/2 

^J 1/ \ 3 G"(x',x 3 ) dx 3 ^j = -4" U^xlGxix') dx}j = -LcT(G 1 (x')). 



= 4" 



This concludes the proof, in view of (|3.9 



5. TWO FURTHER PROPERTIES OF G AND E 

In this section we derive the two fundamental properties of the incompressible stress and strain, allowing 
for pointwisc application of Lemma 14. 11 and ultimately leading to formulas in (|4.6|) . 

Lemma 5.1. The limiting strain G(x) is traceless, for almost every x G fl 1 . 

Proof. Recall that Vu h (x', hx 3 ) = R h (x')(ld + h 2 G h (x' ,x 3 )) . Therefore: 

1 = dct V/ = det(Id + h 2 G h ) = 1 + h 2 Tr G h + h 4 Tr cof G h + h 6 dct G h , 

and consequently: 

(5.1) Tr G h + h 2 Tr cof G h + h 4 dct G h = 0. 

Fix an exponent 7 G (|,2) and define B h = {x G ft 1 ; h 2 ^\G h (x) < 1} as in Lemma (iv). Then: 

h 4 det G h \= [ |Tr G h + h 2r Tr cof G h \ 
f2 1 \S h Jn^Bh 

< IVl 1 \ B^ 1 / 2 ( [ \TrG h \ 2 ) +h 2 [ \Tr cof G h \ < C(h 2 ^ + h 2 ), 
yJn^Bh J Jn 1 

where we used (|3.11[) and the boundedness of G h in L 2 (fi 1 ). On the other hand, we have: 

\h 4 dctG h \ = / |dct(/ l 2 "TG' l )| < C/i^- 2 . 



Hence, by (|5.ip and, again the boundedness of Tr cof G h in L 1 (S7 1 ), it follows that: 

[ \TrG h \<[ \h 2 TrcofG h \+[ \h 4 dct G h \ -> 0, as ft 0. 

Observing that Tr G /l Tr G weakly in L 2 (fi 1 ), we conclude that Tr G = 0. ■ 

We now prove the remaining property of the strain E in (|4.5[) . The strategy of proof is the same as in the 
later proofs of the Eulcr-Lagrangc equations; we will apply the equilibrium equation (|3.13j) to appropriate 
test functions 4> h , such that after passing to the limit with h — > only some chosen terms will survive, 
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yielding the week formulation of (|4.5[) . One difficulty with (|3.f 3[) is that it only allows for globaly bounded 
<f> . For this reason, following we introduce a family of truncation functions 9 h which coincide with 
the identity on intervals {—uih^h) with a suitable rate of convergence of ujh oo. 



Lemma 5.2. Let {tOh} be a sequence of positive numbers, increasing to +00 as h 
sequence of nondecreasing functions 9 h £ C 2 (BL, R) with the following properties: 



t{t)=t V|t|<w h 



and 



? h (t) = (sgn t)-u h V|t| > 2u h 



(5.2) 



\0 h (t)\<t Vt 
„ d 



dt 



< 1 



and 
and 



L oc < -LOh 



< 



C 



Proof. One may take: 



"(t) 



( s 8' n t)- \ \t\+u>h + — sin I — I I 



0. There exists a 



2 

(sgn tj-Wh 



for |t| < cj/j 

for |i| £ [w/j^Wft] 

for Itl > ujh 



Lemma 5.3. The limiting stress E{x) satisfies: Eis(x) = E2z{x) = for almost every x G O 1 . 

! ^ be a given test function, and define: 



Proof. 1. Let 77 = (771,772) G C&v^ , 
(5.3) 



773(2;', £3) 



div 77(2; , s) ds. 



Since $3773 = —div 77, the following test functions 4> h G C^(R 3 ,R 3 ) are divergence-free: 

[ h6 h ' (*) 

cf> h (x',x 3 )- 



and denoting V ta „ the gradient in the tangential directions ei, e2, we have: 



V</>V,x 3 ) 





t)) 


(»"'( 


(>(*'.»* ( 


) 

?)) 




)) 




I 7i v 




) 



The truncations f?' 1 are chosen as in Lemma I5T21 and such that: 

(5.4) lim uih = +00 and h 2 LOh < C. 

7i->0 
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2. Applying the equilibrium equation (|3.13j) with 



we obtain: 



S2 1 



(R h ) T R h E h {R h ) T R h ) - [ (R n y R tl E n (R tl ) 1 R 



j/i\T r>h rphf r>h\T f>h 



Id 2 



W I V 3 



(5.5) 



Q 1 



S2 1 



13,23 



(R h ) T R h E h (R h ) T R h 
(R h ) T R h E h (R h ) T R h 

/ 13,23 

(R h ) T R h E h {R h ) T R h ^ 



33 



^)V tan r ] (y h ',6 h V -±\) 



h' a h I V3_ 
h 



h' a h ( V3_ 
h 



= K 2 



f(x')(R h ) 3l!32 , V (y 



h' nh I V3 



))+h i l f(x>)(R h ) 33 r, 3 (y h \9 
n 1 



h' Q h ( Vz_ 
h 



Now, we will discuss the convergence as h — >• of each term in 



The first term converges to 0, 



because ((R h ) T R h E h {R h ) T R h ^j - ({R h ) T R h E h {R h ) T R h ^ld 2 is bounded in L 1 (f2 1 ) in view of Lemma 



(hi), while 9 h ' ^7tanV(y h ' \® h (^")) * s pohitwise bounded by ((5 

3. The second term in (|5.5|) when integrated over £l 1 \Bf l , goes to in view of p. lip and of the pointwise 
boundedness of (9 h> (^-^) 2 d 3 i](y h ' ,0 h (x)) by (|5.2I) . On the other hand, the limit of this integral over 
Bh is the same as the limit of: 

(5.6) 



,h' qh ( 2/3 

h 



(x h E? 3 , 23 ,(0 h> (f)) 2 ^(/> 

because of (|3.3p . We now conclude that the integrals in (|5.6|) converge to 

#13,23, d 3 t](x', x 3 + v(x'))^ dx. 



dx 



n 1 



This follows by recalling (|3.12p and observing that: 



(5.7) 
Indeed: 



(6 h> f f-) ) 2 d^{y h \ 9 h f^j ) -> d 3V (x', x 3 + v(x')) in L 2 ^ 1 ) 



(9 h ' (£\ fd 3 r,(y h ', 6 h (&\ ) - d 3 r,(x', x 3 + v(x')) 

3 -^j-(x 3 +v(x')) 



h 



lh I V3_ 
h 



dx 



+ C 



- 1 



d.r 



< C 



\y h x 



'|2 



Q 1 



Vi 



{x 3 +v{x')) 



dx + C 



da; 



converges to as h — > 0, by (|3.6p . (|3.7p and (|5.4p . proving hence (|5.7I 



4. The third term in (|5.5p is bounded by: J Q1 \E h \ by (|5.2p . It therefore converges to in view of 
the boundedness of E h in L 1 ^ 1 ) and (|5.4p . 
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The fourth term in ()5.5[) is bounded by: 



13 



Ch 2 f \E h \ 




dx < Ch 2 Lo h [ \E h 


Jn 1 







<Ch 2 uj h o{l) + Ch 2 \\ X hE h \\ LH w) 



L 2 (0!) 



and it converges to by (|3lT|) . ([3TT2]) . (f5T4]) and the boundedness of ^ in L 2 (S1 1 ). 
Finally, both terms in the right hand side of (|5.5[) are bounded by: 



Ch 2 Jjf(x')\( 



l/l / 2/3 



dz < C^ 2 / |/(x')|(l + huj h ) dx < Ch\\f\\ L 2 {Q) , 
Jn 1 



which clearly converges to 0. Above, we used (|5.2[) and (|5.4[) . 

5. In conclusion, passing to the limit with h — > in (|5.5p . results in: 



(5.8) 



(^13,23, ft^, S3 +«(«'))) d.T = V77 G C b 2 (R 3 ,R 2 ). 
1 \ / 



We now reproduce an argument from in order to deduce that £13.23 = 0. Take an arbitrary </> G 
C 2 (ft,R 2 ). Let C£°(fi,R) 3 v k -> w in L 2 (S1), and define: 

<f>k{%',X3) = <f>(x',x 3 - v k (x')), T)(x',x 3 )= 4>k(x',s)ds 

Jo 

Clearly fc £ C 2 (M 3 ,R 2 ), 77 6 C 2 (R 3 ,R 2 ), and thus by (JTSJ) we obtain: 



= y i (#13.23, <M^', a; 3 + da; = J (£13,23, ^.Jia + v{x') - v k (x'))^ 

Passing to the limit with k — > 00, it follows that: 



cl.r 



/ Si 3 ,230(a;', sa) dx = V0 G C C 2 (Q, M 2 ) 
J o 1 



which concludes the proof. ■ 

6. Derivation of the first Euler-Lagrange equation ([1.12]) 

1. Let 77 = (771,772) G C 2 (R 2 ,R 2 ) be a given test function, and let 773(2/) = — div r)(x'). Given 9 h as in 
Lemma 15.21 with: 



(6.1) 



lim cjk = lim huj h = +00 and hwu < C, 

7i->0 /i— s-0 



consider the following divergence- free test functions G C\ (K 3 , 



^(s',x 3 ) 



e »'(2), M 



Denoting Vt an the gradient in the tangential directions e\,e2, we have: 
V0 h (x',x 3 ) 



9 h> 




VtanVix') 


1 ah" (X3 
h \ll 


) 


"(f) 


V ttm 773(2;') 


•"(f) 
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2. Applying the equilibrium equation (|3.13j) with cf> = (j> h , we obtain: 



n 1 



(R h ) T R h E h {R h ) T R h ) - ( (R h f R'^^R 11 ) 1 R n ) Id 2 : 9 n ' ( ^ I V tan r,(y n ') 



h\T r>h j^hl r>h\T nil 



(6.2) 



( ( (R h ) T R h E h (R h ) T R h 
(R h ) T R h E h {R h ) T R h 



33 
oh I V3 



31,32 



8 n ^ V ta „7 73 (y" ) 



1 



n 1 



1 n,h 
3 h" f % 



13,23 



= h J i^f(x')(R h ) 3h32 ,d h ' v (y h ')J dx + h 3 y f{x'){R h ) 33 9 h ^fj rj 3 (y h ') dx. 

Now, we will check convergence as /i — > of each of the four terms in the identity (|6.2I) . Regarding the 
first term, it converges to when integrated over Q 1 \ Bh, by (|3.11[) and by the pointwise boundedness of 

® h ' (^") ^ tanV(y h ') m view of (|5.2p . On the other hand, the limit of this integral over Bh is the same as 
the limit of: 

(6.3) (xn{E h " - E$ 3 Id 2 ) : 9 h ' (^j V tanV (y h ')) dx, 

because of the convergence in (|3.3[) . Now, the limit of integrals in (|6.3I) equals: 

j (e" -E 33 l& 2 ■■Vvix')) dx, 

in view of p,12[) and: 



J\lz>h\ nh ( V3 



dx 



VtanViy' 1 ') ~ Vry(x') 



< c 

< c 

< c 



p. 1 



S2 1 



p. 1 







- 1 


Jn 1 







y h - x' 



y h x> 



dx + C 



dx 



C 



where we apply (|3 . T[) , and then (|3.7[) and (|6.1[) to conclude the convergence of both terms in the right hand 
side of the above displayed expression to 0. 



3. The second term in (|6.2p is bounded by: 

Ch f 6 h f^p-) \E h \ dx + Ch [ \ X hE h \^p- dx 
Jn^Bh \ n, J Jqi n 



< Chuj h / \E h \ dx + C||i/J|| £a(n i)||x^ h |U»(ni) 



n x \B h 

and it clearly converges to by (|3~TT|) . ([3TT2"]) . (f31))) and (joTTj) . 
The third term in (|6.2[) is bounded by: 



C 



IS I dx < 



C 



1 



W(Id + h 2 G tl ) + \G h \ dx 



< 



C 



h 3 



f W {Vu h {x',hx 3 )) dx+^-\\G h \\ L , 
Jqi huj h 



(n 1 ) 



x g Q 1 ; Mm > Wfc 



1/2 
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by (|3.10[) . (|3.7[) . the boundedness of G h in L 2 (0 1 ) and (jl.8|) . Then, the right hand side above converges to 
by (ELD). 

Finally, the right hand side of (|6.2[) converges to as well, as it is bounded by: 



Ch 



n 1 



\f{x')\{l + h^ h ) dx<Ch\\f\\ L 2 {n) . 



In conclusion, passing to the limit with h — > in (16.21) we obtain: 



(6.4) 



J (E" - £ 33 Id 2 : Vr?^')) dx = Vr? £ C, 



b 2 (R 2 ,]R 2 



) 



and thus the Euler-Lagrange equation (|1.12l) follows directly, in view of (|4.6[) and the density of test 
functions r] as above in W 1,2 (i},M. 2 ). M 

7. Derivation of the second Euler-Lagrange equation (|1.13|) 
Lemma 7.1. For every ij 3 £ C b (R 2 ,R), it follows that: 

f 1{E" - E 33 ld 2 ) : Vv ® V773W + Jim -J- / 32 , Vr? 3 (/')) dx 

7 S2 i \ / /i^o h J n i \ ' I 



(7.1) 



Proof. 1. Given 773 £ C^(ffi 2 ,M) consider the divergence-free test functions <p h G C b ( 



i? 33 / f(x')v 3 (x') dx'. 



<j> h {x',x 3 ) 



, so that V(j> h (x',x 3 ) = 



we obtain: 









^■V ta „ 773(2') 






Applying the equilibrium equation (|3.13[) with <fi = 

(7.2) \ \ (((R h ) T R h E h (R h ) T R h ) 1 V tan r i3 (y h '))dx = R h 33 f f{x') V3 {y h ') 

h J n i \\ ) 31.32 / J n i 



dx. 



n 1 

Recall that the tensor field A h in (031) is defined as: = ± ({R h ) T R h {x') - Id). Hence 



(7.3) 



(R h ) T R h E h (R h ) T R h = A n E n (R n Y R n + E n {A n ) 



? h/ A h\T 



-E n 



and therefore the left hand side of (17.21) can be written as: 



(7.4) 



(A h E h (R h ) T R h ) 3h32 ,V m (y h ')) dx 



+ J ((E h (A h ) T ) 31 , 32 ,\7r, 3 (y h ')) &c + \f i (E^ S2 ,V m (y h ') 



dx. 



2. Let the sets Bh be defined as in Lemma l3~2l (iv), for some exponent 7 G (0, 1). The first two terms 
in (|7.4j) . when considered on fi 1 \ Bh, converge to because they are bounded by: 

cf \A h \\E h \ dx< f \E h \dx<^-h 2 -<, 

in view of p. lip and \A h \ < j-. On the other hand, the same two terms while on Bh, converge to: 

f ((AE) 31 . 32l V m (x')) + {(EA T ) 3h32 ,Vr ]3 (x')) dx, 

where we used the convergence (|3. 12|) and the following strong convergences in L 3 (f2 1 ): of A h to A by (|3.5[) . 
of (R h ) T R h to Id by (O, and of Vr] 3 (y h ) to Vr] 3 (x') in view of the Sobolev embedding and the strong 
convergence in W 1 ' 2 ^ 1 ,]^ 2 ) in (|3"1)|) . 
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Concluding, the first two terms in (|7.4|) converge to: 

j (e"Vv, V7? 3 (.t')) - (EMVv,V m {x'j) dx 



in view of the structure of the limiting tensor A in (|3.5|) . Since the right hand side of (|7.2j) converges to 
R33 Jq f(x')V3i x ') by (|3.6[) . passing to the limit in all terms of (|7.2p yields the desired equality (|7.ip and 
thus proves the lemma. ■ 

Lemma 7.2. For every rj e C 2 (M 2 ,R 2 ), it follows that: 



(7.5) 



(E" - E 33 ld 2 ) : (ar 3 + v{x'))V t anV(x')) dx 

+ [ 1{E" - E 33 ld 2 ) : Vv(x') ® r^')) d.T + Jim ~ / (^3,23, V*fe(y fc ')) 

y n i \ / h-x> h j n i \ I 



dx = 0. 



Proof. 1. Let 77 g C 2 (1R 2 ,R 2 ) be a given test function, and define 773(2;') = — div r/(x'). Given f' 1 as in 
Lemma 15^21 with: 



(7.6) lim Wh = lim huih = +°° an d lim h 1+ 2 ~' Uh = for some fixed 7 € (0, 1), 

consider the divergence- free test functions <f) h 6 C,J(M 3 ,R 3 ): 

*"'(TK(t)^> 



4> h {x',xz) 



Denoting V tan the gradient in the tangential directions e%,e2, we have: 



V4> h {x',xz) = 



V(S), 




5 (•*"(*) 


# /l ( 


x 3 \ 

h ) 


+ (^(f)) 2 )^') 




) 2 V,„ 173(1') 




fX 3 

V ft , 


)e h 


(f),3(*') 



2. Applying now the equilibrium equation (|3.13p with <j> = </), we obtain: 



n 1 



(R' i y R tl E tl (R h ) 1 R h ) - ( (R h fR h E h (R h f R^)^ 



oh' I V3 \ oh I 2/3 
h 



(7.7) 



n 1 



a 1 



(R h ) T R h E h (R h ) T R h 



(R h ) T R h E h (R h ) T R h 
h 



13.23 



h 

h f X 3\^2 



VtanV(y h ) 



Q 1 



f(x')(R h ) 3l! 32,6 h ' I Vs ^ h ' V3 



31,32 
h 



h (f ) V(v h ')) dx 



+ Y y ni /(^)(^)33(^(f))^3(y ft ')dx. 

In what follows, we will check convergence as h — > of each of the five terms in the identity (|7.7|) . We 
first easily notice that the two terms in the right hand side converge to 0, as they are bounded by: 

2 



C l\f(x')\(h 



e h { 4- 

h 



l (f )| ) te<cf \f{x')\ {\y%\ + \y h 3 \ 2 ) dx 

< C\\f\\ L , m (ll^lU^) + II2/3IW)) • 
Since has a strong limit in W 1,2 ^ 1 ) by (|3.6j) . it results that H2/3 ||l 2 and \\y 3 \\l 4 converge to 0. 



CONVERGENCE OF EQUILIBRIA FOR INCOMPRESSIBLE PLATES 



17 



3. The third term in ()7.7[) is bounded by the following expression, in view of (|5.2j) . p,12|) . (|3.6|) and 
(l3TTjl : 



a 1 



C7i/ Xh |£ h |(0 fc ( iHfdx + Cft / (i- x ,)|£''|(<?'Mi^))^dx 



Q 1 



<C7i/ xhl^ 
Jn 1 

< Ch\\ X hE h \\ L z 



h 

h 



dx + Chuit 



h 

E h \ dx 



L 1 



in l \B h 

Chujlh 2 -i <Ch + C (h 1+1 ^ 



which converges to by (|7.6p . 

4. We will now investigate the first term in (|7.7[) . Integrated on fi 1 \ B^, it is bounded by: 



Cu h [ (1 - Xh)|S h | da; < C7 W/i ^ 2 -^ < C7i 1+i ^ 
Jn 1 



by (|3.11[) and hence it converges to through (|7.6[) . The same term integrated on Bh equals now the 
following sum: 



n 1 



a> ( Va 



*± _ 1 0* 2± . 



((R h ) T R h Xh E h (R h ) T R h )"- {(R h fR h XhE h (R h ) T R h ) 33 ld 2 : Vw?^')) dx 



3/1 / 2/3 



n 1 



(7.8) 



((R ) R XhE (R ) R ) - ((R h ) T R h Xh E h (R h fR h ) 33 ld 2 : V tanV (y h ')) dx. 
The first term in (|7.8p goes to 0, as it is bounded by: 



C 



\ Xh E h \ dx < C 



L*(n!) 



x e n 1 ; ^ > ^ 



1/4 



c 



in view of (|5.2[) , (|3.7[) . f|3 . 1 2[) and recalling (|7.6I) . The second term of (|7.8[) converges to: 



(7.9) 



y t - E 33 ld 2 : (x 3 + u(x'))Vt a „r/(a : ')) dx 



because of ()3.12|) and through the following strong convergences: convergence of VtanViv 11 ') to Vta„r?(o; / ) 
in L 5 (O x ) by (|31]) . of {R h ) T R h to Id in L 20 (ft) by and of 6> h Nf\ to (a; 3 + w(x')) in L 5 ^ 1 ). The 

last convergence can be seen from: 



n 1 



lh I 2/3 



^-)-(x 3 + v(x')) 



dx < C 
< C 



S2 1 



h I 2/3 \ 2/3 



dx + C 



S! 1 

C 



yl-(x 3 +v(x')) 



dx 



dx + o(l) < _+ (l)<o(i) 



by (|3.6|) . ()3.7|) and (|7.6j) . Concluding, we obtain that the first term in ()7.7j) converges to the expression in 
EH). 
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5. Regarding the second term in (|7.7jl . using (|3.10[) . ()5.2|) . (|3.1|) and (|3.7[) we note that: 



h" V3\ ah V3 



ih' ( M 
h 



C 
< — 
~ h 



~ h 



lJ(((R h ) T R h E h (R h ) T R h 
cj h + l) \E h \ dx 



13,23 



dx 



{ 

,,,, ,^I1'(V u ''(x',/ !a , 3 )) + |G l |di 



< 



c 



|C ft '|| i 2( fi l 



jx G n 1 ; 



\y h (x)\ 



1/2N 



< 



c 



h 2 + 



which converges to by (|7.6|) . The remaining part of the second term in (|7.7[) is: 

/ ((^) r J R^(^f^) 13 2 3 ^(/'))^ 



Q 1 



(7.10) 



J ni ((A h E\R^R\ 323 My h )) dx + / m ((^(^) T )i3, 2 3^(^') 
+ lf ni ((E h ) 13 ,2 3 ,v(y h ')) dx, 



da; 



where we used the decomposition ()7.3j) . Now, exactly as in the proof of Lemma 1 7. II and recalling the block 
structure of the limiting tensor A in (|3.5[) . we see that (|7.10j) converges to: 

dx 



i ( (AE) 13 23 , v (x')) dx + J ( (EA T ) 13 23 , r,(x')) dx + ±J ((E h ) 13 , 23 ,r,(y h ') 

= f ( (E" - E 33 Id 2 ) Vv, r,(x')) dx + i J ((i?' l )i3,23, dx. 
In conclusion, passing to the limit in (|7.7|l clearly yields (|7.5[) and achieves the lemma. 



Proof of the second Euler-Lagrange equation (|1.13|) 

Let n( 

(7.11) 



Let now £ <E C^(K 2 ,R). Applying Lemma [73] with rj 3 = £, and Lemma P7T21 with rj = V£, it follows: 



£" - £ 33 Id 2 : (x 3 + «(x')V 2 C) dx = i? 33 J /(x')e(x') dx'. 
By the first Euler-Lagrange equation in (|6.4|) applied with ?y = uV( € W 2 ' 2 (f2,R 2 ), we see that: 

J (e" - E 33 ld 2 :Vv®Vi + w(x')V 2 ^ dx = 0. 



Thus, (|7.11[) becomes: 

' E" - E 33 ld 2 : Vu ® VO dx 



Q 1 



Q 1 



£" - £ 33 Id 2 : x 3 V 2 dx = i? 33 / f(x')Z(x') 



The equality in (|1.13j) follows now from the above in view of (|4.6j) . and by the density of test functions 
C e Cl in W^ 2 (ft,R). ■ 
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